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We derived quantum trajectories for a system interacting with the environment prepared in a
continuous mode single photon state as the limit of discrete filtering model with an environment
defined as series of independent qubits prepared initially in the entangled state being an analogue
of a continuous mode state. The environment qubits interact with the quantum system and they
are subsequently measured. The initial correlation between the bath qubits is the source of the
non-Markovianity. The conditional evolutions of the quantum system for limit of the continuous in
time observations together with the formulas for the photon counting probabilities are given.
PACS numbers:
I. INTRODUCTION
Belavkin filtering equations [1–3] (called also stochas-
tic master equations [4–7]) describe the conditional evo-
lution of an open quantum system interacting with the
environment modeled by the Bose field [8]. The quantum
filtering theory, providing the best state estimation based
on the result of the continuous in time measurement, is
formulated within the framework of quantum stochastic
Itô calculus (QSC) [9, 10]. The stochastic evolution of
the system depends on the results of the measurement
performed continuously in time on the output field - the
field after interaction with the system. The indirect mea-
surement allows us to avoid Zeno effect. The exact form
of the filtering equation depends on the initial state of the
environment and the measurement scheme. The rigorous
derivation of the filtering equation for the Bose field in
a Gaussian state (vacuum, coherent, squeezed) one can
find for instance in [1, 2, 11]. Solutions to the filtering
equations are called quantum trajectories.
Recently there is interest in determination of the
stochastic master equation for non-classical states of the
Bose field. One of them is a single photon state [12–
14]. About the methods of its generation and applica-
tion in quantum of computing and communication one
can read in [15–22]. The filtering equation for quantum
system interacting with the environment prepared in the
single photon state was derived in [23–26]. The authors
of the mentioned papers determined the filters with the
aid of embedding of the quantum system into a larger
Markovian [23, 24] or non-Markovian [25, 26] systems.
In [23, 24] the authors used the concept of quantum cas-
caded system [6] and introduced an ancilla being a source
of the Bose field in desired non-classical state. The out-
put field from ancilla is the input field for the quantum
system. The authors first derived the filters for the ex-
tended system consisting of the system of interest and
ancilla and then, by taking the partial trace over the
ancilla degrees of freedom, they determined the condi-
tional evolution for the quantum system. The cascaded
systems approach to determine the conditional evolution
of a quantum system interacting with the single photon,
which one can find for instance in [22], was first proposed
in the paper [27]. Derivation of the quantum trajectories
for the light prepared in a continuous-mode Fock state in
the framework of QSC was given in [28, 29].
In the paper we present new derivation of the filters for
quantum system interacting with an environment in the
single photon state as a limit of discrete filtering. To de-
termine the quantum trajectories we use, instead of the
standard methods based on the concept of ancilla produc-
ing the field in non-classical state, the quantum repeated
interaction model [30–33]. We present the model with
a quantum system interacting with an infinite chain of
identical and independent quantum systems represent-
ing an environment. This approach gives an intuitive
and rigorous interpretation for the conditional evolution
of the open quantum and quantum trajectories.
We consider the model with an environment defined by
a series of independent qubits. The environment qubits
interact in turn one by one with the quantum system and
they are subsequently measured. Each qubit of the en-
vironment interacts with the system only once and the
environment qubits do not interact between themselves.
We assume that the environment is prepared initially in
an entangled state being a discrete analogue of a contin-
uous mode single-photon state. We obtain the stochastic
evolutions of the quantum system for the two cases of the
monitoring of the environment qubits: photodetection
and homodyne detection. The conditional evolutions of
the system are derived by making use of the von Neum-
nann projection postulate. We showed that the quantum
system becomes entangled with this part of the environ-
ment which has not interacted with the quantum system
yet. The prior and posterior evolution of the quantum
system are non-Markovian in this case. The memory ef-
fects result from the initial correlation between the bath
qubits. Together with the stochastic evolution we present
also the formulas for the photon counting probabilities
giving the whole statistics of the output photons.
The model is based on the discrete version of quantum
2Itô stochastic calculus. Its rigorous definition together
with discussion of its continuous limit were given in num-
ber of publications [30, 34–42]. Derivations of discrete
version of quantum filtering equations with its continu-
ous limits for the case when the environment is initially in
factorized state with the qubits prepared in some mixed
state one can find in [43] and for the qubits prepared in
the ground state (the environment prepared in the vac-
uum state) in [37, 42].
II. REPEATED QUANTUM INTERACTIONS
MODEL
Let us consider a quantum system S of the Hilbert
space HS interacting with the environment consisting of
a sequence of two-level systems which interact in turn one
by one with the system S each during the time interval
of the length τ . Thus Hilbert space of environment is
HE =
+∞⊗
k=0
HE,k, (1)
where HE,k = C2 is the Hilbert space of the k-th qubit
interacting with S in the time interval [kτ, (k+1)τ). The
Hilbert space HE can be split as a tensor product
HE = Hj−1]E ⊗H[jE , Hj−1]E =
j−1⊗
k=0
HE,k , H[jE =
+∞⊗
k=j
HE,k.
(2)
If jτ is the current moment thenHj−1]E can be interpreted
as the part of the space of the environment which refer
to two-level systems which have already interacted with
S and H[jE as the space referring to two-level systems
which have not interacted with S yet. We will call them
respectively the past and future environment spaces.
The ground and excited states of the k-th two-level
system we will indicate respectively by |0〉k and |1〉k. We
assume that the environment is prepared in the state
|1ξ〉 =
√
τ
+∞∑
k=0
ξkσ
+
k |vac〉, (3)
where |vac〉 = |0〉0⊗|0〉1⊗|0〉2⊗|0〉3 . . . is the vacuum vec-
tor in HE , the operators σ−k = |0〉k〈1|, σ+k = |1〉k〈0| act
non-trivially only in the space HE,k, and
+∞∑
k=0
|ξk|2τ = 1.
Note that |1ξ〉 has the additive decomposition property
|1ξ〉 =
√
τ
j∑
k=0
ξkσ
+
k |vac〉+
√
τ
+∞∑
k=j+1
ξkσ
+
k |vac〉 (4)
and it can be written in the form
|1ξ〉 =
√
τ
+∞∑
k=0
ξk|1k〉, (5)
where
|1k〉 = |0〉0⊗ |0〉1⊗ . . . |0〉k−1⊗ |1〉k ⊗ |0〉k+1⊗ |0〉k+2 . . . .
(6)
Thus |ξk|2τ is the probability that k-th qubit is prepared
in the upper state and all the others qubits are in their
ground states. The state |1ξ〉 is a discrete analogue of
a single-photon state in the model of continuous modes
discussed in [13, 14].
Now, let us describe the evolution of the composed
E + S system. We consider the well known repeated in-
teractions model where the unitary operator defining the
evolution of the total system up to the time jτ is given
by
Ujτ = Vj−1Vj−2 . . .V0, U0 = 1, (7)
where Vk acts non-trivially only in the space HE,k ⊗HS
and
Vk = exp (−iτHk) , (8)
whereHk is a bipartite Hamiltonian acting onHE,k⊗HS .
It is therefore clear that there is no interaction between
subsystems HE,k and HE,k′ for k 6= k′. Since HE,k = C2
one has the following representation
Vk =
(
V00 V01
V10 V11
)
, (9)
with Vij being the system operators. We assume that the
initial state of the total system is the pure product state
of the form
|1ξ〉 ⊗ |ψ〉 (10)
and we stress that the environmental state |1ξ〉 is highly
entangled (depending on the profile ξk).
III. CONDITIONAL EVOLUTION FOR THE
COUNTING PROCESS
In what follows we consider the following collision
model: the system S interacts with an infinite chain of
environmental qubits. Now, after each interaction one
performs a measurement on the last qubit which has just
interacted with S. Our goal is to describe an evolution
of S conditioned on the results of the measurements per-
formed subsequently on the environment qubits at the
time instances τ, 2τ, 3τ, . . .. Clearly, since the results of
measurements are random it gives rise to a random evo-
lution of the state of S.
Let us first consider the measurement of the observable
σ+k σ
−
k = |1〉k〈1|, k = 0, 1, 2, . . . . (11)
We shall prove that the conditional state of S and the
part of the environment which has not interacted with S
up to jτ is at the moment jτ given by
|Ψ˜j|ηj 〉 =
|Ψj|ηj 〉√
〈Ψj|ηj |Ψj|ηj 〉
, (12)
3where |Ψj|ηj 〉 is the unnormalized conditional vector of
the form
|Ψj|ηj 〉 =
√
τ
+∞∑
k=j
ξkσ
+
k |vac〉[j,+∞) ⊗ |αj|ηj 〉
+ |vac〉[j,+∞) ⊗ |βj|ηj 〉 (13)
where ηj is a binary j-vector ηj = (ηj , ηj−1, . . . , η1) with
ηk ∈ {0, 1} which represents results of all measurements
of (11) up to the time jτ . We use an obvious notation
|vac〉[j,+∞) = |0〉j ⊗ |0〉j+1 ⊗ . . . . (14)
The vectors |αj|ηj 〉, |βj|ηj 〉 from the Hilbert space HS
satisfy the recurrence equations
|αj+1|ηj+1〉 = Vηj+10|αj|ηj 〉, (15)
|βj+1|ηj+1〉 = Vηj+10|βj|ηj 〉+
√
τξjVηj+11|αj|ηj 〉(16)
with the initial condition |α0〉 = |ψ〉, |β0〉 = 0.
Note that the conditional vectors |αj|ηj 〉, |βj|ηj 〉 de-
pend on all results of the measurements up to the time
jτ . Their physical interpretation becomes clear when we
write down explicitly their form for particular trajecto-
ries. Usually, one skips the condition ηj . In this Section,
however, to stress the character of the conditional states,
we keep the conditional notation.
It is clear that |Ψ˜j|ηj 〉 belongs to the Hilbert space
+∞⊗
k=j
HE,k ⊗ HS . The form of |Ψj|ηj 〉 indicates that the
system S becomes entangled with this part of the envi-
ronment which has not interacted with S yet. It is the
main difference between the considered situation and the
standard cases when the environment is in the factoris-
able state [37, 42]. The physical interpretation of |Ψj|ηj 〉
is very intuitive:
• the first term in (13) represents the following sce-
nario: all qubits of the environment up to time jτ
were prepared in the ground state and the qubit
prepared in the excited state appears only in the
future,
• the second term represents the situation in which S
has already interacted with the qubit prepared in
the excited state and in the future it will interact
with the environment being in the vacuum.
These two scenarios occur as a quantum superposition.
The probability of the first one is
〈αj|ηj |αj|ηj 〉
∑+∞
k=j τ |ξk|2
〈αj|ηj |αj|ηj 〉
∑+∞
k=j τ |ξk|2 + 〈βj|ηj |βj|ηj 〉
(17)
and the probability of the second one is
〈βj|ηj |βj|ηj 〉
〈αj|ηj |αj|ηj 〉
∑+∞
k=j τ |ξk|2 + 〈βj|ηj |βj|ηj 〉
. (18)
Sooner or later, it depends in the profile ξk of the environ-
ment state |1ξ〉, the system S meets the qubit prepared
in the excited state, so finally only the second term gives
non-zero contribution to (13), and |Ψj|ηj 〉 becomes sepa-
rable.
In order to prove of (13) it is convenient to rewrite
|Ψj|ηj 〉 in the following form
|Ψj|ηj 〉 = |0〉j ⊗
( +∞∑
k=j+1
√
τξkσ
+
k |vac〉[j+1,+∞) ⊗ |αj|ηj 〉
+ |vac〉[j+1,+∞) ⊗ |βj|ηj 〉
)
+ |1〉j ⊗ |vac〉[j+1,+∞) ⊗
√
τξj |αj|ηj 〉. (19)
Now the action of Vj on |Ψj|ηj 〉 gives
Vj |Ψj|ηj 〉 = |0〉j ⊗
( ∞∑
k=j+1
√
τξkσ
+
k |vac〉[j+1,+∞) ⊗ V00|αj|ηj 〉+ |vac〉[j+1,+∞) ⊗
(
V00|βj|ηj 〉+
√
τξjV01|αj|ηj 〉
))
+|1〉j ⊗
( ∞∑
k=j+1
√
τξkσ
+
k |vac〉[j+1,+∞) ⊗ V10|αj|ηj 〉+ |vac〉[j+1,+∞) ⊗
(
V10|βj|ηj 〉+
√
τξjV11|αj|ηj 〉
))
. (20)
The conditional vector |Ψj+1|ηj+1〉 from the Hilbert space
+∞⊗
k=j+1
HE,k ⊗HS is defined by
(
Πηj+1 ⊗ 1S
)
Vj |Ψj|ηj 〉 = |ηj+1〉j ⊗ |Ψj+1|ηj+1〉, (21)
where
Π0 = |0〉j〈0|, Π1 = |1〉j〈1|, (22)
and ηj+1 = 0, 1 stands for the two possible results of the
measurement of the observable σ+j σ
−
j . Finally, using (20)
one finds that |Ψj+1|ηj+1〉 has the following form
|Ψj+1|ηj+1〉 =
+∞∑
k=j+1
ξk
√
τσ+k |vac〉[j+1,+∞) ⊗ |αj+1|ηj+1〉
+ |vac〉[j+1,+∞) ⊗ |βj+1|ηj+1〉 (23)
4with |αj+1|ηj+1〉, |βj+1|ηj+1〉 satisfying Eqs. (15) and
(16),which ends the proof of (13).
Note that knowing the initial state |ψ〉 of S, single
photon state |1ξ〉 of the environment, and the results of
measurements (ηj , . . . , η1) up to time jτ one can uniquely
determine the state |Ψj|ηj〉.
Formula (20) shows that after each measurement there
are in general two possible scenarios:
• the system S meets in the future the qubit prepared
in the excited state,
• or it meets in the future all qubits prepared in the
ground state.
In the quantum filtering theory the environment is usu-
ally treated as a model of electromagnetic field. In this
interpretation we see in (20) that when the result of the
outcome is 0 then we deal with two possibilities—the
system S did not emit photon or photon from the en-
vironment was absorbed by S. When the photon was
detected we see that it was emitted by S or we mea-
sured the photon of the external field directly. The form
of (13) depends on the results of all past measurements,
thus it is clear that if all photons achievable for the con-
sidered composed system were observed then only the
second term gives non-zero contribution to (13) and there
is no longer entanglement between S and the future en-
vironment.
The general solution to the set of equations (15) and
(16) can be written in the compact form
|αj|ηj 〉 = Vηj0Vηj−10 . . . Vη10|ψ〉, (24)
|βj|ηj 〉 =
√
τ
j−1∑
k=0
ξk
j∏
l=1
Vηlδl(k+1) |ψ〉. (25)
Note that instead of using the notation with the full vec-
tor ηj we may equivalently provide the location of ‘1’
in the string (ηj , . . . , η1), that is (lm, . . . , l1) means that
one observedm photons at τi = τli (i = 1, . . . ,m) and no
other photons in the period from 0 to jτ . Let us provide
the formulae for the simplest scenarios:
1. ηj = (0, . . . , 0) = 0j , that is, no detections upon
τj. In this case one finds
|αj|0j 〉 = V j00|ψ〉, (26)
|βj|0j 〉 =
√
τ
j−1∑
k=0
V j−k−100 ξkV01V
k
00|ψ〉. (27)
2. one detection at τ1 = τl1:
|αj|l1〉 = V j−l100 V10V l1−100 |ψ〉, (28)
and
|βj|l1〉 =
√
τ
[
V j−l100 ξl1−1V11V
l1−1
00
+ V j−l100 V10
l1−2∑
k=0
V l1−2−k00 ξkV01V
k
00 (29)
+
j−1∑
k=l1
V j−k−100 ξkV01V
k−l1
00 V10V
l1−1
00
]
|ψ〉.
3. two detections (l2, l1):
|αj|l2,l1〉 = V j−l200 V10V l2−l1−100 V10V l1−100 |ψ〉, (30)
and
|βj|l2,l1〉 =
√
τ
[
V j−l200 V10V
l2−l1−1
00 ξl1−1V11V
l1−1
00
+V j−l200 ξl2−1V11V
l2−l1−1
00 V10V
l1−1
00 (31)
+V j−l200 V10V
l2−l1−1
00 V10
l1−2∑
k=0
V l1−k−200 ξkV01V
k
00
+V j−l200 V10
l2−2∑
k=l1
V l2−k−200 ξkV01V
k−l1
00 V10V
l1−1
00
+
j−1∑
k=l2
V j−k−100 ξkV01V
k−l2
00 V10V
l2−l1−1
00 V10V
l1−1
00
]
|ψ〉.
In the representation of the moments of counts
(lm, . . . , l1) one finds
|αj|lm,...,l1〉 = V j00
←−
m∏
q=1
V
(lq)
10 |ψ〉, (32)
and quite involved formula for |βj〉:
|βj|lm,...,l1〉 =
√
τV j00
 m∑
p=1
←−
m∏
q=p+1
V
(lq)
10 ξlp−1V
(lp)
11
←−
p−1∏
q=1
V
(lq)
10
+
m∑
p=0
←−
m∏
q=p+1
V
(lq)
10 W
lp+1
lp
←−
p∏
q=1
V
(lq)
10
 |ψ〉, (33)
where we defined
V
(l)
ij =V
−l
00 VijV
l−1
00 ,
and
W
lp+1
lp
=
√
τ
lp+1−1∑
r=lp+1
ξr−1V
(r)
01 .
provided l0 = 0 and lm+1 = j+1. The arrows mean that
we use the time ordered products.
5In order to obtain the state of S conditioned on all
results of the measurements up to the time jτ , we have
to perform a partial trace of |Ψ˜j|ηj 〉〈Ψ˜j|ηj | with respect
to the environment degrees of freedom (the future space
of the environment). Thus the a posteriori state of S at
the time jτ is
ρ˜j|ηj =
ρj|ηj
Trρj|ηj
, (34)
where
ρj|ηj = |αj|ηj 〉〈αj|ηj |
+∞∑
k=j
τ |ξk|2 + |βj|ηj 〉〈βj|ηj |. (35)
The probability of a particular trajectory ηj registered
from time 0 to jτ is therefore given by
Trρj|ηj = 〈αj|ηj |αj|ηj 〉
+∞∑
k=j
τ |ξk|2 + 〈βj|ηj |βj|ηj 〉. (36)
IV. DISCRETE FILTRATION EQUATION FOR
THE COUNTING PROCESS
A. General case
From now on we simplify our notation to |αj〉 and |βj〉
skipping the condition ηj . We derive the conditional re-
currence equation describing the stochastic evolution of
S. Consider first the case when the result of measure-
ment at (j + 1)τ is 0. Straightforward calculations lead
to
ρj+1 = V00ρjV
†
00 +
√
τ
(
ξjV01|αj〉〈βj |V †00 + h.c.
)
+τ |ξj |2
(
V01|αj〉〈αj |V †01 − V00|αj〉〈αj |V †00
)
, (37)
where h.c. stands for the Hermitian conjugation. More-
over, one finds
|αj+1〉〈βj+1| = V00|αj〉〈βj |V †00 +
√
τξ∗j V00|αj〉〈αj |V †01,
|αj+1〉〈αj+1| = V00|αj〉〈αj |V †00. (38)
The conditional probability of the outcome ηj+1 = 0
when the a posteriori state of S at jτ was ρ˜j is given
by the formula
pj+1(0|ρ˜j) =
Trρj+1|0
Trρj
. (39)
Similarly, if ηj+1 = 1 one obtains
ρj+1 = V10ρjV
†
10 +
√
τ
(
ξjV11|αj〉〈βj |V †10 + h.c.
)
+τ |ξj |2
(
V11|αj〉〈αj |V †11 − V10|αj〉〈αj |V †10
)
(40)
and
|αj+1〉〈βj+1| = V10|αj〉〈βj |V †10 +
√
τξ∗j V10|αj〉〈αj |V †11,
|αj+1〉〈αj+1| = V10|αj〉〈αj |V †10. (41)
The conditional probability of the outcome ηj+1 = 1
when the a posteriori state of S at jτ was ρ˜j is given
by the formula
pj+1(1|ρ˜j) =
Trρj+1|1
Trρj
, (42)
and clearly pj+1(0|ρ˜j) + pj+1(1|ρ˜j) = 1.
B. ‘Small’ τ
To consider the case of ‘small’ τ one needs to specify
the form of the Hamiltonian. Let us consider [30, 37]
Hk = 1k ⊗HS + i√
τ
(
σ+k ⊗ L− σ−k ⊗ L†
)
, (43)
which means that we work in the interaction picture elim-
inating the free evolution of the environment.
Now, a time step τ is small if
τωmax = τ max
ij
|Ei − Ej |/~≪ 1, (44)
and Ei belongs to the spectrum of HS , that is, 1/τ is
much larger the characteristic frequency of the system.
One easily finds
V00 = 1S − iτHS − τ 1
2
L†L+O(τ2),
V10 =
√
τL+O(τ3/2),
V01 = −
√
τL† +O(τ3/2), (45)
V11 = 1S +O(τ).
Now, discrete filtration equation (37) gives rise to
ρj+1 = ρj − i[HS , ρj]τ − 1
2
{
L†L, ρj
}
τ
− |βj〉〈αj |Lξ∗j τ − L†|αj〉〈βj |ξjτ
− |αj〉〈αj ||ξj |2τ +O(τ2), (46)
together with
|αj+1〉〈βj+1| = |αj〉〈βj |
−i [HS , |αj〉〈βj |] τ − 1
2
{
L†L, |αj〉〈βj |
}
τ
−|αj〉〈αj |Lξ∗j τ +O(τ2), (47)
and
|αj+1〉〈αj+1| = |αj〉〈αj | (48)
−i[HS, |αj〉〈αj |]τ − 1
2
{
L†L, |αj〉〈αj |
}
τ +O(τ2).
6The conditional probability pj+1(0|ρ˜j) reads
pj+1(0|ρ˜j) = 1− kjτ, (49)
where
kj = Tr
(
L†Lρ˜j +
ξ∗j
Trρj
L|βj〉〈αj |
+
ξj
Trρj
|αj〉〈βj |L† + |ξj |
2
Trρj
|αj〉〈αj |
)
. (50)
Now, using
1
Trρj+1
=
1
Trρj
(1 + kjτ) +O(τ
2), (51)
one obtains the following equation for the normalized
density matrix (we neglect higher order terms in τ)
ρ˜j+1 = ρ˜j + ρ˜jkjτ − i[HS , ρ˜j ]τ − 1
2
{
L†L, ρ˜j
}
τ
− |β˜j〉〈α˜j |Lξ∗j τ − L†|α˜j〉〈β˜j |ξjτ
− |α˜j〉〈α˜j ||ξj |2τ. (52)
Similarly, for the conditional vectors defined by
|α˜j〉 = |αj〉√
Trρj
, |β˜j〉 = |βj〉√
Trρj
, (53)
one finds the following formulae (provided ηj+1 = 0):
|α˜j+1〉〈β˜j+1| = |α˜j〉〈β˜j |+ |α˜j〉〈β˜j |kjτ − i
[
HS , |α˜j〉〈β˜j |
]
τ
− 1
2
{
L†L, |α˜j〉〈β˜j |
}
τ − |α˜j〉〈α˜j |Lξ∗j τ, (54)
and
|α˜j+1〉〈α˜j+1| = |α˜j〉〈α˜j |+ |α˜j〉〈α˜j |kjτ − i[HS , |α˜j〉〈α˜j |]τ
− 1
2
{
L†L, |α˜j〉〈α˜j |
}
τ. (55)
If ηj+1 = 1 discrete filtration equation (40) gives rise to
ρj+1 = LρjL
†τ + L|βj〉〈αj |ξ∗j τ + |αj〉〈βj |L†ξjτ
+ |αj〉〈αj ||ξj |2τ, (56)
|αj+1〉〈βj+1| = L|αj〉〈βj |L†τ + L|αj〉〈αj |ξ∗j τ (57)
and
|αj+1〉〈αj+1| = L|αj〉〈αj |L†τ. (58)
The conditional probability of the outcome 1 at the mo-
ment (j+1)τ when the a posteriori state of S at jτ is ρ˜j
has the form
pj+1(1|ρ˜j) = kjτ, (59)
where kj is given by (50).
Finally, for the normalized density matrix, we get
ρ˜j+1 =
1
kj
(
Lρ˜jL
† + L|β˜j〉〈α˜j |ξ∗j + |α˜j〉〈β˜j |L†ξj
+|α˜j〉〈α˜j ||ξj |2
)
, (60)
|α˜j+1〉〈β˜j+1| = 1
kj
(
L|α˜j〉〈β˜j |L† + L|α˜j〉〈α˜j |ξ∗j
)
,(61)
|α˜j+1〉〈α˜j+1| = 1
kj
L|α˜j〉〈α˜j |L†. (62)
It is clear that ηk (k = 1, 2, . . .) are random variables
with values {0, 1} and hence one deals with the discrete
stochastic process (ηj , ηj−1, . . . , η1). A single realization
of this process consists of zeros and ones and the condi-
tional expectations for ηj+1 read
E[ηj+1|ρ˜j ] = kjτ +O(τ2),
E[(ηj+1)
2|ρ˜j ] = kjτ +O(τ2). (63)
Introducing nj =
∑j
k=1 ηk one has an obvious relation
ηj+1 = nj+1 − nj =: ∆nj .
Hence nj may be interpreted as a discrete counting pro-
cess. Therefore to describe the stochastic evolution of
S depending on the (stochastic) results of the measure-
ments we need the following set of three coupled equa-
tions:
ρ˜j+1 = ρ˜j − i[HS , ρ˜j ]τ − 1
2
{
L†L, ρ˜j
}
τ + LρjL
†τ + [|α˜j〉〈β˜j |, L†]ξjτ + [L, |β˜j〉〈α˜j |]ξ∗j τ
+
{
1
kj
(
Lρ˜jL
† + L|β˜j〉〈α˜j |ξ∗j + |α˜j〉〈β˜j |L†ξj + |α˜j〉〈α˜j ||ξj |2
)
− ρ˜j
}
(∆nj+1 − kjτ), (64)
7|α˜j+1〉〈β˜j+1| = |α˜j〉〈β˜j | − i
[
HS , |α˜j〉〈β˜j |
]
τ − 1
2
{
L†L, |α˜j〉〈β˜j |
}
τ + L|α˜j〉〈β˜j |L†τ + [L, |α˜j〉〈α˜j |] ξ∗j τ
+
{
1
kj
(
L|α˜j〉〈β˜j |L† + L|α˜j〉〈α˜j |ξ∗j
)
− |α˜j〉〈β˜j |
}
(∆nj+1 − kjτ), (65)
|α˜j+1〉〈α˜j+1| = |α˜j〉〈α˜j | − i [HS , |α˜j〉〈α˜j |] τ − 1
2
{
L†L, |α˜j〉〈α˜j |
}
τ + L|α˜j〉〈α˜j |L†τ
+
{
1
kj
L|α˜j〉〈α˜j |L† − |α˜j〉〈α˜j |
}
(∆nj+1 − kjτ) (66)
with the initial condition ρ˜0 = |ψ〉〈ψ|, |α˜0〉〈β˜0| = 0, and
|α˜0〉〈α˜0| = |ψ〉〈ψ|. If ∆nj+1 = 1 then all terms contain-
ing the infinitesimal τ are negligible.
It should be clear that as an initial condition one may
take an arbitrary mixed state ρ0. Then one replaces
|α˜j〉〈α˜j | by Xj and |α˜j〉〈β˜j | by Yj with initial conditions
X0 = ρ0 and Y0 = 0.
V. CONTINUOUS LIMIT FOR THE
COUNTING PROCESS
In the continuous limit τ → 0 one obtains from (64)-
(66) the stochastic differential equations
dρ˜t = −i[HS, ρ˜t]dt− 1
2
{
L†L, ρ˜t
}
dt+ Lρ˜tL
†dt+ [ρ˜01t , L
†]ξtdt+ [L, ρ˜
10
t ]ξ
∗
t dt
+
{
1
kt
(
Lρ˜tL
† + Lρ˜10t ξ
∗
t + ρ˜
01
t L
†ξt + ρ˜
00
t |ξt|2
)− ρ˜t} (dn(t)− ktdt) , (67)
dρ˜01t = −i[HS , ρ˜01t ]dt−
1
2
{
L†L, ρ˜01t
}
dt+ Lρ˜01t L
†dt+
[
L, ρ˜00t
]
ξ∗t dt
+
{
1
kt
(
Lρ˜01t L
† + Lρ˜00t ξ
∗
t
)− ρ˜01t } (dn(t)− ktdt) , (68)
dρ˜00t = −i[HS, ρ˜00t ]dt−
1
2
{
L†L, ρ˜00t
}
dt+ Lρ˜00t L
†dt+
(
1
kt
Lρ˜00t L
† − ρ˜00t
)
(dn(t)− ktdt) , (69)
where ρ˜10t = (ρ˜
01
t )
† and the initial condition ρ˜0 = |ψ〉〈ψ|,
ρ˜010 = 0, and ρ˜
00
0 = |ψ〉〈ψ|. The stochastic process n(t)
satisfies
E[dn(t)|ρ˜t] = ktdt (70)
and
kt = Tr
(
L†Lρ˜t + Lρ˜
10
t ξ
∗
t + ρ˜
01
t L
†ξt + ρ˜
00
t |ξt|2
)
. (71)
One can easily check that for the non-selective measure-
ment we obtain from (67)-(69) a priori evolution given
by
˙˜ρt = −i[HS, ρ˜t]− 1
2
{
L†L, ρ˜t
}
+ Lρ˜tL
†
+ [ρ˜01t , L
†]ξt + [L, ρ˜
10
t ]ξ
∗
t , (72)
˙˜ρ01t = −i[HS, ρ˜01t ]−
1
2
{
L†L, ρ˜01t
}
+ Lρ˜01t L
†
+
[
L, ρ˜00t
]
ξ∗t , (73)
˙˜ρ00t = −i[HS , ρ˜00t ]−
1
2
{
L†L, ρ˜00t
}
+ Lρ˜00t L
†. (74)
All realization of the counting process n(t) may be di-
vided into disjoint sectors: Cm contains realizations with
exactly m counts at some moments tm > . . . > t2 >
t1 > 0 and no other photons from 0 to t. Denote by
pt0(tm, tm−1, . . . , t2, t1) the probability density of observ-
ing a particular trajectory corresponding to m counts at
t > tm > . . . > t2 > t1 > 0 and no other photons in (0, t]
(called also an exclusive probability density). It is given
8by
pt0(tm, tm−1, . . . , t2, t1)dtmdtm−1 . . . dt1 = (75)
|| |αt|tm,...,t1〉 ||2
∫ +∞
t
dt′|ξt′ |2 + || |βt|tm,...,t1〉 ||2.
Probability of no counts up to time t
P t0(0) = || |αt|0t〉 ||2
∫ +∞
t
dt′|ξt′ |2 + || |βt|0t〉 ||2, (76)
which follows directly from (36). The probability of hav-
ing exactly m counts up to time t reads
P t0(m)=
∫ t
0
dtm
∫ tm
0
dtm−1. . .
∫ t2
0
dt1p
t
0(tm,tm−1,. . .,t2, t1).
(77)
To compute P t0(0) one needs conditional vectors |αt|0t〉
and |βt|0t〉. Introducing a non-Hermitian Hamiltonian
(like in the Wigner-Weisskopf theory)
G = HS − i
2
L†L, (78)
and the corresponding (non-unitary) propagator
Tt = e
−iGt, (79)
one finds
|αt|0t〉 = Tt|ψ〉 (80)
from the limit
lim
j→+∞
(
1S − iG t
j
+O
(
t2
j2
))j
|ψ〉 (81)
and
|βt|0t〉 = −
∫ t
0
dt′Tt−t′ξt′L
†
Tt′ |ψ〉 (82)
from
− lim
j→∞
j−1∑
k=0
t
j
(
1S − iG t
j
+O
(
t2
j2
))j−k−1
ξkL
†
×
(
1S − iG t
j
+O
(
t2
j2
))k
|ψ〉. (83)
The limits (81) and (83) one obtains from (26) and (27)
by taking (45) and division τ = t/j.
For a count at the time t′ and no other counts in the
interval (0, t] we have the conditional vectors
|αt|t′〉 =
√
dt′Tt−t′LTt′ |ψ〉, (84)
and
|βj|t′〉 =
√
dt′
[
Ttξt′ −Tt−t′L
(∫ t′
0
dsTt′−sξsL
†
Ts
)
−
(∫ t
t′
dsTt−sξsL
†
Ts−t′
)
LTt′
]
|ψ〉. (85)
The conditional vector (84) one obtains as the limit
lim
j→+∞
√
t/j
(
1S − iG t
j
+O
(
t2
j2
))j(1− t′
t
)
L
×
(
1S − iG t
j
+O
(
t2
j2
)) jt′
t
−1
|ψ〉 (86)
and the conditional vector (85) from
lim
j→+∞
√
t/j
[(
1S − iG t
j
+O
(
t2
j2
))j−1
ξ jt′
t
−1
−
(
1S − iG t
j
+O
(
t2
j2
))j(1− t′
t
)
L
jt′
t
−2∑
k=0
t
j
(
1S − iG t
j
+O
(
t2
j2
)) jt′
t
−2−k
ξkL
†
(
1S − iG t
j
+O
(
t2
j2
))k
−
j−1∑
k= jt
′
t
t
j
(
1S − iG t
j
+O
(
t2
j2
))j−k−1
ξkL
†
(
1S − iG t
j
+O
(
t2
j2
))k− jt′
t
L
(
1S − iG t
j
+O
(
t2
j2
)) jt′
t
−1 ]
|ψ〉, (87)
where we put t′ = l1t/j and by definition we have dt =
t/j. The expressions one gets from (28) and (29).
In analogous way, for two counts at t′ and t′′, where
0 < t′ < t′′, and no other counts in the interval (0, t], one
9gets
|αt|t′′,t′〉 =
√
dt′′dt′Tt−t′′LTt′′−t′LTt′ |ψ〉, (88)
|βt|t′′,t′〉 =
√
dt′′dt′
[
Tt−t′′LTt′′ξt′ +Tt−t′ξt′′LTt′
− Tt−t′′LTt′′−t′L
(∫ t′
0
dsTt′−sξsL
†
Ts
)
(89)
− Tt−t′′L
(∫ t′′
t′
dsTt′′−sξsL
†
Ts−t′
)
LTt′
−
( ∫ t
t′′
dsTt−sξsL
†
Ts−t′′
)
LTt′′−t′LTt′
]
|ψ〉.
At first sight the above formulae seem to be compli-
cated but the physical interpretation of individual terms
are very intuitive. The term defined by the conditional
vector |αt〉 gives the contribution to the probability of
particular trajectory conditioned on the assumption that
the two level system of the environment prepared in the
upper state will appear after the time t, so all photons
measured by us up to t were emitted by the system S.
The conditional vector |βt〉 gives a contribution to the
probability based on the assumption that the system S
has already interacted with the two level system of the en-
vironment prepared in the upper state. So for instance,
if we did not observe any photon up to the time t, it
means the system S did not emit any photon and if it
met photon of the external field in the period from 0 to
t it absorbed it. For the case of some counts in the ex-
pressions for |βt〉 one can recognize two sources of the
measured photons: the external field and the system S.
The photon of the external field can be absorbed by S or
directly measured.
The derived formulas can be applied for any quantum
system S. We show the solution to the problem taking as
S a two-level atom prepared initially in the ground state
|0〉. We take L =
√
Γσ− and for simplicity HS = 0. From
(80) and (82) one can easily find the analytical expression
for the probability of not having any count in the time
interval (0, t]
P t0(0) =
∫ +∞
t
dt′|ξt′ |2 + Γe−Γt
∣∣∣∣∫ t
0
dt′ξt′e
Γt′
2
∣∣∣∣2 . (90)
Moreover, we can check easily that the probabilities of
two or more counts are equal to zero and the probability
of having one count in the interval (0, t] is equal to 1 −
P t0(0). By considering all possible trajectories one can
check that the a priori solution has the form
(1− p(t))|0〉〈0|+ p(t)|1〉〈1| (91)
where
p(t) = Γe−Γt
∣∣∣∣∫ t
0
dt′ξt′e
Γt′
2
∣∣∣∣2 (92)
is the a priori probability of excitation at time t. The
problem of the most efficient excitation of the two-level
system by a single photon in a propagating mode was
studied for instance in [17, 18, 20]. But instead of the
numerical treatment of the problem, our approach offers
the analogical formulas for the probabilities of particular
trajectories.
VI. CONDITIONAL EVOLUTION FOR THE
DIFFUSION PROCESS
In this Section we consider the measurement of the
observable
σxk = σ
+
k + σ
−
k = |+〉k〈+| − |−〉k〈−|, (93)
with k = 0, 1, 2, . . ., and
|+〉k = 1√
2
(|0〉k + |1〉k) ,
|−〉k = 1√
2
(|0〉k − |1〉k) , (94)
being vectors from the Hilbert space HE,k.
We prove that the conditional state of S and this part
of the environment which has not interacted with S up
to the time jτ at the moment jτ can be written in the
form of (12) with the conditional vectors |αj〉, |βj〉 which
satisfy the following recurrence equations
|αj+1〉 = 1√
2
(V00 + qj+1V10) |αj〉, (95)
|βj+1〉 = 1√
2
[(V00 + qj+1V10) |βj〉
+
√
τξj (V01 + qj+1V11) |αj〉
]
(96)
with the initial condition |α0〉 = |ψ〉, |β0〉 = 0. By
qj+1 = 1,−1 we indicated the result of the measurement
performed at (j+1)τ on the j-th qubits in the basis (94).
The prove is straightforward if we notice that Eq. (20)
can be written in the form
10
Vj|Ψj〉 = 1√
2
|+〉j ⊗
{ +∞∑
n=j+1
√
τξkσ
+
k |vac〉[j+1,+∞) ⊗ (V00 + V10) |αj〉
+ |vac〉[j+1,+∞) ⊗
(
(V00 + V10) |βj〉+
√
τξj (V01 + V11) |αj〉
)}
+
1√
2
|−〉j ⊗
{ +∞∑
k=j+1
√
τξkσ
+
k |vac〉[j+1,+∞) ⊗ (V00 − V10) |αj〉
+ |vac〉[j+1,+∞) ⊗
[
(V00 − V10) |βj〉+
√
τξj (V01 − V11) |αj〉
]}
. (97)
The conditional vector |Ψj+1〉 from the Hilbert space
+∞⊗
k=j+1
HE,k ⊗HS is in this case defined by
(Π+ ⊗ 1S)Vj |Ψj〉 = |+〉j ⊗ |Ψj+1〉, (98)
(Π− ⊗ 1S)Vj |Ψj〉 = |−〉j ⊗ |Ψj+1〉, (99)
where Π+ = |+〉j〈+| and Π− = |−〉j〈−|. By (97) we
see that |Ψj+1〉 has the form (23) with the conditional
vectors |αj+1〉, |βj+1〉 given by (95) and (96) , and it
ends the proof.
The form of |Ψ˜j〉 reflects the fact the system S be-
comes entangled with the part of the environment which
has not interacted with S yet. We get a posteriori state
of S by taking the trace from |Ψ˜j〉〈Ψ˜j | over the future en-
vironment space. We obtain the conditional normalized
density matrix of the form (34) and for the conditional
matrix ρj we have
2ρj+1 = V00ρjV
†
00 + V10ρjV
†
10 +
√
τ
[
ξ∗j
(
V00|βj〉〈αj |V †01 + V10|βj〉〈αj |V †11
)
+ ξj
(
V01|αj〉〈βj |V †00 + V11|αj〉〈βj |V †10
)]
+|ξj |2τ
(
V01|αj〉〈αj |V †01 + V11|αj〉〈αj |V †11 − V00|αj〉〈αj |V †00 − V10|αj〉〈αj |V †10
)
+qj+1
[
V10ρjV
†
00 + V00ρjV
†
10 + +
√
τξ∗j
(
V10|βj〉〈αj |V †01 + V00|βj〉〈αj |V †11
)
+
√
τξj
(
V01|αj〉〈βj |V †10 + V11|αj〉〈βj |V †00
)]
+qj+1|ξj |2τ
(
V01|αj〉〈αj |V †11 + V11|αj〉〈αj |V †01 − V10|αj〉〈αj |V †00 − V00|αj〉〈αj |V †10
)
, (100)
2|αj+1〉〈βj+1| = V00|αj〉〈βj |V †00 + V10|αj〉〈βj |V †10 +
√
τξ∗j
(
V00|αj〉〈αj |V †01 + V10|αj〉〈αj |V †11
)
+qj+1
(
V10|αj〉〈βj |V †00 + V00|αj〉〈βj |V †10
)
+qj+1
√
τξ∗j
(
V10|αj〉〈αj |V †01 + V00|αj〉〈αj |V †11
)
, (101)
2|αj+1〉〈αj+1| = V00|αj〉〈αj |V †00 + V10|αj〉〈αj |V †10 + qj+1
(
V10|αj〉〈αj |V †00 + V00|αj〉〈αj |V †10
)
. (102)
Hence for a small τ and the matrix (45) we obtain the difference equations
2ρj+1 = ρj − i[HS, ρj ]τ − 1
2
{L†L, ρj}τ + LρjL†τ + [L, |βj〉〈αj |]τξ∗j + [|αj〉〈βj |, L†]τξj
+ qj+1
√
τ
(
Lρj + ρjL
† + |βj〉〈αj |ξ∗j + |αj〉〈βj |ξj
)
+O(τ2), (103)
11
2|αj+1〉〈βj+1| = |αj〉〈βj | − i[HS , |αj〉〈βj |]τ − 1
2
{L†L, |αj〉〈βj |}τ + L|αj〉〈βj |L†τ + [L, |αj〉〈αj |]ξ∗j τ
+ qj+1
√
τ
(
L|αj〉〈βj |+ |αj〉〈βj |L† + |αj〉〈αj |ξ∗j
)
+O(τ2), (104)
2|αj+1〉〈αj+1| = |αj〉〈αj | − i[HS, |αj〉〈αj |]τ − 1
2
{L†L, |αj〉〈αj |}τ + L|αj〉〈αj |L†τ
+ qj+1
√
τ
(
L|αj〉〈αj |+ |αj〉〈αj |L†
)
+O(τ2). (105)
The conditional probability of the outcome qj+1 at the
moment (j + 1)τ if the a posteriori state of S at jτ is
ρ˜j =
ρj
Trρj
(106)
is defined by
pj+1(qj+1|ρ˜j) = Trρj+1
Trρj
, (107)
where ρj+1 is given by (103) and one can check that
pj+1(qj+1|ρ˜j) = 1
2
(
1 + qj+1rj
√
τ
)
+O(τ2), (108)
where
rj = Tr
(
Lρ˜j + ρ˜jL
† + |β˜j〉〈α˜j |ξ∗j + |α˜j〉〈β˜j |ξj
)
, (109)
where |α˜j〉 = |αj〉/
√
Trρj and |β˜j〉 = |βj〉/
√
Trρj . Let
us introduce the stochastic process
wj =
√
τ
j∑
k=1
(
qk − rk−1
√
τ
)
. (110)
The process wj in the limit τ → 0 converges to
the Wiener process. One can check using the for-
mula (108) that the mean values E[qk|ρ˜k−1] ≃ rk−1
√
τ ,
E[(qk+1)
2|ρ˜k−1] ≃ 1. By making use of the following
approximation for small values τ that
1
Trρj+1
≃ 2
Trρj
(
1− qj+1rj
√
τ + r2j τ
)
(111)
one may derive the set of difference stochastic equations
ρ˜j+1 − ρ˜j = −i[HS, ρ˜j ]τ − 1
2
{L†L, ρ˜j}τ + Lρ˜jL†τ + [|α˜j〉〈β˜j |, L†]ξjτ + [L, |β˜j〉〈α˜j |]ξ∗j τ
+
(
Lρ˜j + ρ˜jL
† + |β˜j〉〈α˜j |ξ∗j + |α˜j〉〈β˜j |ξj − ρ˜jrj
)
∆wj+1 (112)
|α˜j+1〉〈β˜j+1| = |α˜j〉〈β˜j | − i[HS , |α˜j〉〈β˜j |]τ − 1
2
{L†L, |α˜j〉〈β˜j |}τ + L|α˜j〉〈β˜j |L†τ + [L, |α˜j〉〈α˜j |]ξ∗j τ
+
(
L|α˜j〉〈β˜j |+ |α˜j〉〈β˜j |L† + |α˜j〉〈α˜j |ξ∗j − |α˜j〉〈β˜j |rj
)
∆wj+1, (113)
|α˜j+1〉〈α˜j+1| = |α˜j〉〈α˜j | − i[HS , |α˜j〉〈α˜j |]τ − 1
2
{L†L, |α˜j〉〈α˜j |}τ + L|α˜j〉〈α˜j |L†τ
+
(
L|α˜j〉〈α˜j |+ |α˜j〉〈α˜j |L† − |α˜j〉〈α˜j |rj
)
∆wj+1, (114)
where
∆wj+1 = wj+1 − wj = qj+1
√
τ − rjτ.
In the limit τ → 0 we obtain the following stochastic
differential equations of the form
12
dρ˜t = −i[HS, ρ˜t]dt− 1
2
{
L†L, ρ˜t
}
dt+ Lρ˜tL
†dt+ [ρ˜01t , L
†]ξtdt+ [L, ρ˜
10
t ]ξ
∗
t dt
+
(
Lρ˜t + ρ˜tL
† + ρ˜01t ξt + ρ˜
10
t ξ
∗
t − ρ˜trt
)
dw(t), (115)
dρ˜01t = −i[HS , ρ˜01t ]dt−
1
2
{
L†L, ρ˜01t
}
dt+ Lρ˜01t L
†dt+
[
L, ρ˜00t
]
ξ∗t dt
+
(
Lρ˜01t + ρ˜
01
t L
† + ρ˜00t ξ
∗
t − ρ˜01t rt
)
dw(t), (116)
dρ˜00t = −i[HS, ρ˜00t ]dt−
1
2
{
L†L, ρ˜00t
}
dt+ Lρ˜00t L
†dt+
(
Lρ˜00t + ρ˜
00
t L
† − ρ˜00t rt
)
dw(t), (117)
where
rt = Tr
(
Lρ˜t + ρ˜tL
† + ρ˜10t ξ
∗
t + ρ˜
01
t ξt
)
, (118)
ρ˜10t = (ρ˜
01
t )
†, and initially we have ρ˜0 = |ψ〉〈ψ|, ρ˜010 = 0,
and ρ˜000 = |ψ〉〈ψ|.
VII. CONCLUSIONS
In this paper we derived a filtering equation (quantum
trajectories) for a system interacting with the environ-
ment prepared in a continuous mode single photon state.
The initial state of ‘system + photon field’ is factorized,
however, the initial state of the field is highly entan-
gled (depending on the photon profile ξt). We consider
both the counting and diffusion processes. Although such
filtering equation was already derived by Gough et al
[23, 24] our approach is different and much simpler. Au-
thors of [23, 24] start with the general quantum stochas-
tic differential equation of Hudson and Parthasarathy [9]
and apply the general technique to the case of correlated
single photon state. It is, therefore, clear that one has
to assume the reader is familiar with quantum stochas-
tic calculus. Our approach is more direct: starting with
the simple repeated interaction model [30–33] we present
the model of a quantum system interacting with an in-
finite chain of identical and independent quantum sys-
tems representing the environment. This approach gives
an intuitive and rigorous interpretation for the condi-
tional evolution of the open quantum and quantum tra-
jectories. Another advantage of our approach is simple
and very intuitive interpretation of quantum trajecto-
ries. In particular we derive probability density of observ-
ing a particular trajectory corresponding to m counts at
t > tm > . . . > t2 > t1 > 0 and probability of no counts
up to time t. Our filtering equations in a continuous limit
are consistent with the results given in [23, 24, 29]. It
should be stressed that initial correlations of the photon
field imply that the averaged filtering equation (over all
possible results of measurements) is not of the standard
Kossakowski–Lindbald form. Due to the presence of ini-
tial correlations the resulting averaged dynamics is highly
non-Markovian. Interestingly, the non-Markovian nature
of the physics here is rather due to the pre-existing entan-
glement in the environment, and not to any information
back flow as is often the case in other non-Markovian sys-
tems [44]. This problem we are going to analyze in the
forthcoming paper.
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